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Abstract 
 Anomalous diffusion has been investigated in many polymer and biological systems.  The analysis of PFG anomalous 
diffusion relies on the ability to obtain the signal attenuation expression.  However, the general analytical PFG signal 
attenuation expression based on the fractional derivative has not been previously reported.  Additionally, the reported 
modified-Bloch equations for PFG anomalous diffusion in the literature yielded different results due to their different forms.  
Here, a new integral type modified-Bloch equation based on the fractional derivative for PFG anomalous diffusion is 
proposed, which is significantly different from the conventional differential type modified-Bloch equation.  The merit of 
the integral type modified-Bloch equation is that the original properties of the contributions from linear or nonlinear 
processes remain unchanged at the instant of the combination.  From the modified-Bloch equation, the general solutions 
are derived, which includes the finite gradient pulse width (FGPW) effect.  The numerical evaluation of these PFG signal 
attenuation expressions can be obtained either by the Adomian decomposition,  or a direct integration method that is fast 
and practicable.  The theoretical results agree with the continuous-time random walk (CTRW) simulations performed in 
this paper.  Additionally, the relaxation effect in PFG anomalous diffusion is found to be different from that in PFG normal 
diffusion.  The new modified-Bloch equations and their solutions provide a fundamental tool to analyze PFG anomalous 
diffusion in nuclear magnetic resonance (NMR) and magnetic resonance imaging (MRI). 
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1. Introduction 
Anomalous diffusion widely exists in polymer and biological system [1 ,2 ,3 ..  However, the study of anomalous 
diffusion by pulsed field gradient (PFG) [4,5,6. diffusion technique still faces challenges due to the complexity of PFG 
anomalous diffusion theory.  Although there are many theoretical efforts to investigate the PFG anomalous diffusion 
[7,8,9,10,11,12,13,14,15,16,17,18,19,20., the general analytical PFG signal attenuation expression for anomalous diffusion 
based on the fractional derivative [21,22,23. has not been reported.  Additionally, the modified-Bloch equations [14,16. for 
anomalous diffusion reported in the literature have different forms, and yield inconsistent theoretical results.  Moreover, the 
short gradient pulse (SGP) approximation’s result obtained in Ref. [18. is hard to obtain from these modified-Bloch 
equations.  To better analyze PFG fractional diffusion, it may still be valuable to develop new modified-Bloch equations 
for PFG anomalous diffusion. 
In studying PFG diffusion, the modified Bloch equation [24. proposed by Torrey in 1956 has been one of the most 
successful PFG theories for normal diffusion, which is a combination of different processes such as diffusion, Larmor 
precession, and relaxation. However, the combination of different processes becomes a challenge to build a modified-Bloch 
equation for PFG anomalous diffusion.  Precession and relaxation processes have a time derivative 
t

, while fractional 
diffusion has a significantly different time derivative with the derivative order 20  . To overcome the difficulty due to 
the different time derivatives, a new type modified-Bloch equation, an integral equation, is proposed.  This integral type 
equation combines the contributions from different processes such as diffusion, precession and relaxation into an integral 
with the same time increment dt .  Through the integral modified-Bloch equation, a general PFG signal attenuation equation 
is obtained, which can be used to evaluate PFG signal attenuations by a direct integration method numerically. On the other 
hand, the general PFG signal attenuation equation can be solved by the Adomian decomposition method to give an analytical 
PFG signal attenuation expression, which can be used to evaluate the PFG signal attenuation numerically as well.  The 
direct integration method and the Adomian decomposition method get the same numerical results of PFG signal attenuation. 
The PFG signal attenuation obtained in this paper includes the finite gradient pulse width (FGPW) effect.  Additionally, 
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continuous-time random walk (CTRW) simulation [25 . is carried out to verify these theoretical results. The CTRW 
simulation method employed here has been developed in Ref. [26., which is based on two models: the CTRW model 
proposed in Ref.  [25. and the lattice model proposed in Refs.  [27,28.  Furthermore, the relaxation effect in PFG anomalous 
diffusion experiments is considered.    
2. Theory 
For the sake of simplicity, only one-dimensional free anomalous diffusion in a homogeneous sample is investigated 
here. Pulsed-field gradient technique [29,30. is an established non-invasive tool to measure diffusion in nuclear magnetic 
resonance (NMR) and magnetic resonance imaging (MRI).  It applies gradient pulse to artificially create a time and space 
dependent magnetic field: zgBzB  )(),( 0 tt , where 0B is the exterior magnetic field, )(tg is the gradient vector, and z
is the position vector.  The spin moment precesses around the magnetic field at Larmor frequency ),(),( tt zBzω  , where 
  is the gyromagnetic ratio.   In a rotating frame rotating around a magnetic field at angular frequency 00 Bω  , the 
accumulating phase )(t  (the net phase change of spin precession induced by the gradient pulses) can be written as [29,30. 
 
tt
tdtttdtt
00
0 )()(),()( zgωzω  .            (1) 
Eq. (1) is a path integral.  In a diffusion spin system, the spins undergo numerous possible paths and the accumulated phase 
will belong to either a Gaussian or a non-Gaussian distribution. The NMR signal comes from the average signal from spins 
with all possible phases, which can be described as  
 


  ditPStS )exp(,)0()( ,               (2) 
where )0(S  is the signal intensity at the beginning of the first dephasing gradient pulse, )(tS  is the signal intensity at time 
t, and  tP ,  is the phase probability distribution function (only the symmetric  tP ,  is focused in this paper).  In this 
paper, normalized signal intensity, namely 1)0( S , will be used, and )(tS is the PFG signal attenuation.    
Different theoretical methods analyze PFG diffusion in different ways. Some methods are based on Eqs. (1) and (2), 
which includes Gaussian or non-Gaussian phase approximation method [7,19., or the effective phase shift diffusion 
equation method [18., etc. In these kinds of methods,  the phase distribution  tP , results from each individual spin’s 
accumulating phase described by Eq. (1).  While some other methods describe the PFG diffusion in a significantly different 
way. They do not require the knowledge of  tP ,  or the phase path integral, but rather focus on the evolution of local spin 
magnetization ),(),(),( tiMtMtM yxxy zzz   .   The local magnetization ),( tM xy z  is as an average magnetization 
contributed from all spins in position z at the instant of  time t , which is an ensemble effect of local spins.  Similar to the 
Larmor precession of spin moment, the magnetization ),( tM xy z  precesses around the magnetic field zgBzB  )(),( 0 tt  
by a time and space dependent angular speed, ),(),( tt zBzω  .  Therefore, the magnetization ),( tM xy z has a time and 
space dependent phase.  At each instant of the diffusion, magnetizations with different phases diffusing to the same spot 
will mix together, resulting in an instantaneous signal attenuation at the mixing spot.  The total PFG signal attenuation is 
the accumulating effect of magnetization diffusion. Various methods can describe the signal attenuation due to the mixing 
of magnetization in diffusion.  These methods include the modified-Bloch equation [24., the instantaneous signal 
attenuation method [26., etc.  The instantaneous signal attenuation method does not need the path integral.  The modified-
Bloch equation method [24. does not rely on both the  tP ,  and the phase path integral.  These two methods have 
advantages in systems where the phase evolution information could be hard to obtain such as in inhomogeneous system, 
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restricted diffusion, and nonlinear gradient field.  The modified-Bloch equation is one of the most fundamental PFG 
theoretical methods, and it will be the focus of this paper.  The subsequent section will show how to build the modified-
Bloch equation for PFG anomalous diffusion. 
2.1 The modified-Bloch equation 
In PFG diffusion experiments [29,30., the spin magnetization evolution is simultaneously affected by different 
processes such as Larmor precession, relaxation, and diffusion.  The spin magnetization on XY plane [29,30., 
),(),(),( tiMtMtM yxxy zzz    presseses under the influence of gradient magnetic field, zgBzB  )(),( 0 tt  .  In a 
rotating frame rotating around a magnetic field at angular frequency 
0Bω  , the spin system precession can be described 
by [29,30. 
),()(),( tMtitM
t
xyxy zzgz 


 .          (3)   
The relaxation of the transverse component of magnetization ),( tM xy z can be described as [31,32.
  
2
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
,           (4) 
where 2T is the spin-spin relaxation time constant.  The modified-Bloch equation for normal diffusion is [24,33. 
2
2
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 ,      (5) 
a straightforward combination of the normal diffusion, Larmor precession and relaxation equation.  Such a straightforward 
combination works because these processes have the same time derivative 
t

 .  However, compared to 
t

 , the time 
fractional derivative of fractional diffusion has a different derivative order  , 20  , and a remarkably different form. 
It may not be appropriate to directly combine the fractional diffusion equation with the precession and relaxation equations.   
The time-space fractional diffusion could be modeled by the fractional derivative as [21-23. 
),(),( tM
z
DtMD xyfxy
α
*t zz 



 ,           (6) 
where fD  is the fractional diffusion coefficient with units 
 sm /  , 


z

 is the space fractional derivative defined in 
Appendix A, and 
*Dt  is the Caputo fractional derivative defined as [21-23. 
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
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The Caputo time derivative 
*Dt  is apparently different from 
t

 , which makes it difficult to combine the fractional 
diffusion equation with the precession equation.  
Nevertheless, the combination can be carried out in a different way.  The Caputo fractional derivative has the following 
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property [34.: 
!
)0()()(
1
0
)(
k
t
ututDJ
km
k
kα
*t 


 ,           (7) 
where  
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J  on both sides of the fractional diffusion equation, Eq. 
(6), we get  
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which is equivalent to  
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By operating 
t

on both side of Eqs. (8a) and (8b), we get 
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where 0)0,( 

 
zxyM
t
is utilized.   This condition 0)0,( 

 
zxyM
t
 has been suggested in the Refs. [21. and [23. to get 
a continuous transition from 
1 to  1 , and it will be employed in the rest of this paper.  At 2 , Eq. (9) belongs 
to the same type anomalous diffusion equation obtained from a heuristic derivation in Ref. [ 35..   The precession equation, 
Eq. (3) can be rewritten as 
𝑑
𝑑𝑡
𝑀𝑥𝑦(𝐳, 𝑡) =
𝑑
𝑑𝑡
[𝑀𝑥𝑦(𝐳, 0) − ∫ 𝑖𝛾𝐠(𝜏) ∙ 𝐳𝑀𝑥𝑦(𝐳, 𝜏)𝑑
𝑡
0
𝜏] 
=
𝑑
𝑑𝑡
[− ∫ 𝑖𝛾𝐠(𝜏) ∙ 𝐳𝑀𝑥𝑦(𝐳, 𝜏)𝑑
𝑡
0
𝜏], 
 
                   (10) 
where )0,(zxyM is a constant. In Eq. (10), the gradient field rotates the local magnetization by an angle  dzg )(  during 
𝑑𝜏.  By combining Eqs. (9) and (10), we have 
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or an equivalent equation, 
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where  
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  𝑀𝑥𝑦,𝜏(𝐳, 𝑡) = ∑ 𝑀𝑥𝑦
(𝑘)(𝐳, 0+)
𝑡𝑘
𝑘!
+𝑚−1𝑘=0 ∫ [
(𝑡−𝜏′)𝛼−1
Γ(𝛼)
𝐷𝑓
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, 𝜏′) − 𝑖𝛾𝐠(𝜏′) ∙ 𝐳 ∙ 𝑀𝑥𝑦,𝜏′(𝐳, 𝑡)] 𝑑
𝜏
0
𝜏′, 
 
is the partially calculated ),( tM xy z value at time τ staying in position 𝐳 that will be detected in the final time t.  When α = 
1, ),(, tM xy z  = ),( zxyM  , while when α≠1, 𝑀𝑥𝑦,𝜏(𝐳, 𝑡) is different from 𝑀𝑥𝑦(𝐳, 𝜏) .  Eq. (11) is the modified-Bloch 
equation built upon the fractional derivative. The gradient field rotates both the magnetizations 𝑀𝑥𝑦,𝜏(𝐳, 𝑡) and ),( zxyM
by an angle 𝛾𝐠(𝜏) ∙ 𝐳𝑑𝜏 during time 𝑑𝜏 . However,  
𝑀𝑥𝑦,𝜏(𝐳, 𝑡) − 𝑖𝛾𝐠(𝜏) ∙ 𝐳𝑀𝑥𝑦,𝜏(𝐳, 𝑡)𝑑𝜏 = exp[−𝑖𝛾𝐠(𝜏) ∙ 𝐳𝑑𝜏]𝑀𝑥𝑦,𝜏(𝐳, 𝑡) ,   
while because 𝑀𝑥𝑦,𝜏(𝐳, 𝑡) ≠ 𝑀𝑥𝑦(𝐳, 𝜏), 
       𝑀𝑥𝑦,𝜏(𝐳, 𝑡) − 𝑖𝛾𝐠(𝜏) ∙ 𝐳𝑀𝑥𝑦(𝐳, 𝜏)𝑑𝜏 ≠ exp[−𝑖𝛾𝐠(𝜏) ∙ 𝐳𝑑𝜏]𝑀𝑥𝑦,𝜏(𝐳, 𝑡), when 𝛼 ≠ 1. 
Therefore, −𝑖𝛾𝐠(𝜏) ∙ 𝐳𝑀𝑥𝑦(𝐳, 𝜏)𝑑𝜏 will not give the proper phase rotation in Eq. (11) and  only the rotation of ),(, tM xy z  
that affects the calculation of magnetization ),( tM xy z   will be considered in Eq.  (11).    In Eq. (11), the term 





dtM
z
D
t
xyf ),(
)(
)( 1
z



 
 is the diffusion related attenuation during the interval d that will affect the at 
time t.  During the same interval, the precession alters the magnetization ),(, tM xy z  by   dtMi xy ),()( , zzg  .   Eq. (11) 
is significantly different from the modified-Bloch equation proposed in references [14,16..  
For a homogeneous sample, the magnetization is  zKz  )(exp)(),(  iSM xy  , where  
t
tdt
0
)()( gK   is the 
wavenumber [29,30..  By substituting  zKz  )(exp)(),(  iSM xy  into Eq. (11), we can get  
𝑆(𝑡) exp(−𝑖𝐊(𝑡) ∙ 𝐳) = ∑ 𝑀𝑥𝑦
(𝑘)(𝐳, 0+)
𝑡𝑘
𝑘!
+
𝑚−1
𝑘=0
                                                                                                                
                              ∫ [−
(𝑡 − 𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓|𝐾(𝜏)|
𝛽𝑆(𝜏) exp(−𝑖𝐊(𝜏) ∙ 𝐳) − 𝑖𝛾𝐠(𝜏) ∙ 𝐳 ∙ 𝑀𝑥𝑦,𝜏(𝐳, 𝑡)] 𝑑
𝑡
0
𝜏,
 
which reduces to the following two equivalent equations at the origin where 0z   and   1)(exp  zK ti   in a 
homogeneous system: 
)()()( tSDtS f

Kα*t D ,            (12a) 
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1
0
)( 
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

 .        (12b) 
Other three different ways to derive the Eq. (12) from Eq. (11) can be seen in Appendix B and Appendix C, where very 
detailed derivations are given.  
 It is difficult to add the relaxation effect to the PFG fractional diffusion based on the fractional derivative, which may 
be approached in two ways:  
i. the relaxation is not relevant to the anomalous diffusion and precession, then  𝑀𝑥𝑦(𝐳, 𝜏) = 𝑆(𝜏)exp(−𝜏/
𝑇2)exp (−𝑖𝐊(𝜏) ∙ 𝐳), and from Eq. (11) we have  
𝑀𝑥𝑦(𝐳, 𝑡) = exp (−
𝑡
𝑇2
) {∑ 𝑀𝑥𝑦
(𝑘)(𝐳, 0+)
𝑡𝑘
𝑘!
+𝑚−1𝑘=0 ∫ [
(𝑡−𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, 𝜏) − 𝑖𝛾𝐠(𝜏) ∙ 𝐳 ∙ 𝑀𝑥𝑦,𝜏(𝐳, 𝑡)] 𝑑
𝑡
0
𝜏}. 
),( tM xy z
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(13) 
Eq. (13) will give a signal attenuation that is proportional to )exp( 2Tt . 
 
ii. the relaxation depends on the instantaneous signal intensity affected by the PFG fractional diffusion. In this case, 
the relaxation Eq. (4) can be written as 
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the integral type modified-Bloch equation including the T2 relaxation.  For the free diffusion in a homogeneous 
system, Eq. (14) reduces to  
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When 1 , Eq. (15) will give a signal attenuation that is not proportional to )exp( 2Tt .  
 When 2,1   , the integral equation, Eq. (14) is equivalent to the traditional differential modified-Bloch equation 
for normal diffusion Eq. (5).  For space fractional diffusion, whose 1  and 20   , both Eqs. (13) and (14) can be 
rewritten as  
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which is consistent with the results reported in Refs. [14,16.. In a homogeneous system, Eq. (16) reduces to  
             )(
1
)()(
2
tS
T
DtKtS
t
f 







  ,         (17) 
which yields the PFG signal attenuation  
  







 )
1
1
(exp)
1
exp()(
2





gD
T
tS f .             (18) 
Eq. (18) agrees with the results reported from both modified-Bloch equations in the Refs. [14. and [16..  
 
2.2  Analytical PFG signal attenuation expression obtained by the Adomian decomposition method 
 Eqs. (12a) and (12b) describe the PFG signal attenuation in free general fractional diffusion with  2,0    , 
including  time-fractional diffusion, space-fractional diffusion and normal diffusion.  The similar type of fractional equation 
as Eqs. (12b) has been solved by the Adomian decomposition Method [34,36,37,38..  According to the results from these 
references, the solution of Eq. (12b) is [34,38.       




0
)()(
n
n tStS ,              (19a) 
where 
       mm
k
t
StS
km
k
k 


 1,
!
)0()(
1
0
)(
0 ,           (19b) 
and 
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
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
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












 

t
nfn dStKD
t
tS
0
1
1
)()(
)(
)(
)( 

 

 .         (19c) 
When the relaxation effect is considered but it is independent to the fractional diffusion, based on Eqs. (13) and (19c), we 
have 
                                     


























 

t
nfn dStKD
t
T
t
tS
0
1
1
2
)()(
)(
)(
exp)( 

 

.                               (19d) 
While, based on Eqs. (14), (17) and (19c), if the relaxation is relevant to the fractional diffusion, we have 




















 

t
nfn dS
T
tKD
t
tS
0
1
2
1
)(
1
)(
)(
)(
)( 

 

.         (19e) 
Future experimental research is required to test which one of the two equations, Eqs. (19d) and (19e), is consistent with 
experimental results.  
2.3. The direct integration method for numerical evaluation of Mittag-Leffler type function based PFG signal attenuation 
Although the analytical expressions, Eqs. (19a-e) obtained by the Adomian decomposition method can be used to 
numerically evaluate the PFG signal attenuation, its speed is not fast enough, and it may have overflow problem in large 
attenuation data because it requires superposition of many terms. These shortcomings may limit its potential practical 
applications.  For instance, PFG MRI experiments usually include large data, which really need a fast numerical method 
to analyze.   In this section, a practicable numerical evaluation method, a direct integration method [39. is employed for 
the numerical evaluation.  From Eqs. (15), when we set 1
!
)0(
1
0
)( 

 k
t
S
km
k
k ,  we have 

































t
f
t
f
dS
T
td
StKD
dS
T
tKD
t
tS
0
2
0
2
1
)(
1
)1(
)(
)()(1
)(
1
)(
)(
)(
1)(











.         (20) 
Examine the Eq. (20) closely, the PFG signal intensity )(tS  depends on the historical PFG signal intensities, )(S  ,  
t0 .  Therefore, the signal intensity can be discretely calculated step-by-step beginning from 0t .  By dividing the 
time into small intervals, at time jt , 


j
k
kj tt
1
, Eq. (20) can be rewritten in a discrete form as 
     









j
k
kkkjkjfkj tt
T
tttttKDtStS
1
1
2
11
1
.1/)()()()(1)(  .    (21) 
Neglecting 2T relaxation, Eq. (21) reduces to 
     

 
j
k
kjkjkkj tttttStatS
1
11 .1/)()()(1)( 
 ,         (22) 
where   )( kfk tKDta
 .  From Eqs. (21) and (22), the PFG signal attenuations: )( 1tS , )( 2tS ,…, )( ntS can be calculated 
step by step starting from )( 1tS  to )( ntS .   
Furthermore, from Eq. (22), if we denote   )()(,1, tstE ta  ,  we get         
        




















t
tata dtEa
t
tE
0
)(,1,
1
)(,1, )(
)(
)(
1 




 ,         (23) 
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where 
                                
 
 






0,)(,
1)(,
1,
1,
)(,1,
cctactE
tatE
tE ta 



  ,      (24) 
where c is a real constant.  From Eqs. (24) and (25), the Mittag-Leffler type function   ctE 1,   and its derivative can be 
numerically evaluated by: 
        

 .1/)()(1
1
111,1,
j
k
kjkjkj ttttctcEctE ,         (25) 
 
j
jtaj
j
t
ctEctE
ctE



 )()(
)(
1)(,1,1,
1,





.           (26) 
 The direct integration method gives the same PFG signal attenuation as that obtained by the Adomian decomposition 
method, but it is much faster and does not cause overflow in the calculation.    
 
3. CTRW simulation in a lattice model 
CTRW simulations were performed to verify the theoretical results obtained in this paper.  The PFG signal attenuation 
CTRW simulation method employed in this paper has been developed in Ref.  [26., which is based on two models, the 
CTRW model [25. and the Lattice model [27,28..  The CTRW consists of a sequence of independent random waiting time 
and jump length combinations  ( 1t , 1 ), ( 2t , 2 ), ( 3t , 3 ) ,..., ( nt , n ).  The individual waiting time t  and 
jump length  , are produced according to Ref. [25. by  
i
V
Ut
i
i
t

















1
)cos(
)tan(
)sin(
log ,               (27) 
and 
 
)cos(
)sin(
))1cos((
)cos(log
1
1















U
z
,                   (28) 
where  t  and  z  are scale constants, )2/1(  V , and )1,0(, VU  are two independent random numbers.  Ref. [25. 
pointed out that the CTRW simulation based on the above waiting time and jump length can satisfy the time-space fractional 
diffusion equation under the diffusive limit, allowing the CTRW model to simulate anomalous diffusion in various academic 
fields, such as physics and economics.  
The Lattice model developed in Refs. [27,28. was modified to record the spin phase.  This lattice model has been 
applied to simulate PFG diffusion in polymer system [40.. The spin phase in the simulation is 
   


n
j
jjji ttztgt
1
)()( ,              (29) 
where  ti  is the phase of the ith walk, 


j
k
kj tt
1
, and 


j
k
kjtz
1
)(  .  The PFG signal attenuation in the simulation is 
the average over all the walkers in the simulation [28. 
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        

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walksN
i
i
walks
i t
N
ttS
1
)(cos
1
)(cos)(  ,           (30) 
 where  walksN  is the total number of the walks.  A total of 100,000 walks were carried out for each simulation.   
As the CTRW model [25. is proposed only for subdiffusion simulation, the simulation results here are limited to the 
subdiffusion.  Interested readers are referred to Refs. [25-28. for more detailed information. 
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4. Discussion 
In summary, an integral type of modified-Bloch equation was built for PFG fractional diffusion, and the general PFG 
signal attenuation expression for free fractional diffusion was derived.  The obtained PFG signal attenuation expressions, 
Eqs. (19a)-(19d), are Mittag-Leffler type Function. The typical pulsed gradient spin echo (PGSE) and pulsed gradient 
stimulated echo (PGSTE) pulse sequences shown in Fig. 1  can be divided into three periods:  t0 ,  t , and
 t  [29,30..  Neglecting the relaxation, for the free anomalous diffusion in a homogeneous sample, we obtain 
the following:  
i. in Eq. (19b), if the 0)0()1( S  condition is used [21,23., under SGP approximation we obtain 
   gKKDEtSS SGPSGPf
n
n  


,)()( 1,
0
,          (31) 
Fig. 1  (a) PGSE pulse sequences, (b) PGSTE pulse sequence. The commonly used gradient pulse intensity g ranges 
from a few gauss/cm to hundreds of gauss/cm, and its width   ranges from a few milliseconds to several tens 
milliseconds. The diffusion delay Δ is the time from the beginning of the dephasing gradient pulse to the beginning of 
the rephrasing gradient pulse.  
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which replicates the SGP approximation result obtained in references [18,19..  
ii. for a single pulse attenuation, an ideal situation where the first gradient pulse is a regular pulse that commonly 
used in practical PFG experiments, which has a  gradient intensity ranges from a few gauss/cm  to a few 
hundred gauss/cm, and a time duration varies from a few miliseconds to tens millseconds. However, the 
second gradient pulse is infinitely narrow. In such a case, we get       tgDEtS f/,/1,)( , where 
  



 


1
0
0
0
,,
)1)1((
)1)((
,1,
n
k
n
n
n
n
k
k
ccxcxE


  is a Mittag-Leffler type function, which is consistent 
with the results in Ref. [16.. The agreement is because Eq. (B.6),   𝑡𝐷∗
𝛼[exp(𝑖𝐊(𝑡) ∙ 𝐳) 𝑀𝑥𝑦(𝐳, 𝑡)] =
exp(𝑖𝐊(𝑡) ∙ 𝐳)𝐷𝑓
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, 𝑡) can be derived from Eq. (11) for a homogeneous spin system, and Eq. (B. 
6) agrees with Ref. [16..   
iii.  at small PFG signal attenuation, Eqs. (19a)-(19c) agree with 




  
t
f tdtKDEtS
0
1, )()(

  obtained by 
the instantaneous signal attenuation method [26. when only the first two terms are kept. 
 
The CTRW simulations agree with the theoretical results as shown in Figs. 2 and 3.  The relaxation effect is neglected in 
the theoretical results.  Figs. (2a) and (2b) show how to obtain the fractional diffusion constant fD  .   The fractional 
diffusion constant fD  and other parameters such as g, δ, α, and   are needed when using Eq. (19c) to calculate the 
theoretical PFG signal attenuation.  In Fig. 2(b), )(tz   with 5.1  obtained from the simulation is finite, which is 
consistent with other reports [41,42..  In the reported CTRW simulation in Ref. [43., for a random walker in an imaginary 
growing box with a time-dependent spatial interval 
 /1/1
21
tLtL   , a finite   


/222 ~,)(
/1
2
/1
1
tdzztzPtz
tL
tL
L    has been 
obtained.  The )(tz   with 2 can be infinite in simulation, but the probabilities of a walker that has an infinite long 
jump in all the walkers during the limit time of the simulation are very small.  Neglecting these small percentage of infinite 
long walkers will not obviously change the total signal intensity in most PFG experiments, where the signal is contributed 
by an enormous amount of spins.   Additionally, even if )(tz   with 2  is infinite in theory, from expressions Eqs. 
(19a)-(19e), the range of normalized absolute value of PFG signal attenuation )(tS  is 1)(0  tS , which means that the 
signal intensity is finite and measurable in PFG experiments.  In Figures 3(a) and 3(b), the derivative order parameters are 
2,6.0   , and g  equals 0.1 mT / . The 6.0  is chosen because it is near the   value of an ideal curvilinear 
diffusion. An ideal curvilinear diffusion has 2,5.0    [8,20,31,44..  For non-ideal curvilinear diffusion, it may have 
2,5.0    [20..  In real applications, 2,5.0    has been used in Ref. [44. for the diffusion in micelles, while 
2,76.0   has been reported in Ref. [31. for the curvilinear diffusion in a hydrated protein aerogel. In Fig. 3 (c), the 
derivative order parameters are 5.1,75.0   , and g  equals 0.05 mT /  are used.  Figs. 3(a) and 3(c) show that there 
is good agreement between the theoretical results and CTRW simulations at various   values. Fig. 3 (b) shows the 
agreement between the theoretical result and CTRW simulation under SGP approximation, where g  = 6 × 2.6751 × 104 
is used.   
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Fig. 2  )(tz  versus t from the simulation: (a) 2,6.0   , the fractional diffusion constant determined from the fitting is fD = 1.85 × 
10-10 mβ/sα, (b) 5.1,75.0   , the fractional diffusion constant determined from the fitting is fD = 1.27 × 10-6 mβ/sα. 
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Fig. 3   Comparison PFG signal attenuation from Eqs. (16a)-(16d) with that obtained from CTRW simulation: 
(a) 2,6.0    and fD = 1.85 × 10
-10 mβ/sα , finite gradient pulse width effect with    equaling 0 ms, 
10 ms and 20 ms, g  equaling 0.1 mT / , (b) SGP approximation result, 2,6.0   , fD  1.85× 10
-10 
mβ/sα, and
4106751.26 g  ,  (c) 5.1,75.0    with    equaling 0 ms and fD  = 1.15 × 10-6 
mβ/sα,  and 100 ms fD = 1.27 × 10
-6 mβ/sα, g  equaling 0.05 mT / . The relaxation effect is neglected.  
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Figs. 4(a) and 4(b) compare the PFG signal attenuations obtained from the fractional derivative model with T2 relaxation 
effect.  Figs. 4(a) and 4(b) show 0   ms and 20   ms results, respectively.  Other parameters used in Figs. 4(a) 
and 4(b) are 2,6.0   ,  fD  = 1.85 × 10
-10 mβ/sα, g  equaling 0.1 mT / ,  and T2  equaling 50 ms.  Figs. 4(a) and 4(b) 
indicate that the signal attenuation )(tS   including the relaxation effect based on Eq. (19e) is not proportional to 
)exp( 2Tt , while Eq. (19d) is proportional to )exp( 2Tt . When the signal attenuation resulted from the PFG fractional 
diffusion is large.     The effective T2 relaxation based on Eq. (19e) in PFG anomalous diffusion is slower than that based 
on Eq. (19d). The relaxation behavior in PFG fractional diffusion based on Eq. (19e) is significantly different from the 
normal 
diffusion where )(tS  affected by relaxation is proportional to )exp( 2Tt ,  which  may be because Eq. (19e) includes 
the memory effect of the anomalous diffusion which affects the total signal attenuation resulting from the relaxation.  In  
the PFG fractional diffusion, if at a local region, the relaxation could be viewed as the results of a small magnetization 
interacting with relaxation related Hamiltonian, then the relaxation may be relevant with PFG diffusion and Eq. (19e) 
maybe a choice as diffusion changes the local magnetization instantaneously.  While it may be possible that the relaxation 
is not relevant to the attenuation of diffusion, then the general attenuation may obey Eq. (19d).  Currently, it is unclear wh
ich one of these two equations, Eqs. (16d) and (16e), agrees with experimental results.  It requires further experimental 
efforts to test these two equations.   
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The numerical calculation by the Adomian decomposition method is simple for small signal attenuation.   While at very 
large signal attenuation it may encounter overflow.  The same numerical results can be obtained by an alternate method, the 
Fig. 4  Comparison of  Eqs. (16d) and (16e) that describe two different situations of Spin-spin relaxation effect on PFG 
anomalous diffusion, as described by the fractional derivative. 2,6.0   , fD = 1.85 × 10
-10 mβ/sα , and T2 is 50 ms 
are used: (a) 0  ms, (b) 0  ms.  The signal attenuation )(tS  is proportional to )exp(
2T
t
 in Eq. (16d), but 
it is not proportional to Eq. (16e). 
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direct integration method. The agreement between these two methods can be seen in Fig. 5a.   Compared to the Adomian 
decomposition method, the direct integration method has obvious advantages in numerical evaluation.  It is not only fast, 
but also does not cause overflow. Additionally, based on Eq. (25), the direct integration provides a reliable way to calculate 
Mittag-Leffler function,   tE 1,  , Rt  because it does not cause overflow.  The FORTRAN code for Mittag-Leffler 
function calculation can be obtained from the link https://github.com/GLin2017/Mittag-Leffler-function-calculated-by-
Direct-Integration.  The Mittag-Leffler function calculated by the direct integration method agrees with those calculated by 
other methods [45 ,46 ., which is demonstrated in Fig. 5b. The direct integration method provides a practical numerical 
evaluation method for analyzing PFG anomalous diffusion.    
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Fig. 5  The numerical evaluation by the direct integration method (DIM): (a)  the direct integration method agrees with the 
Adomian decomposition method in the numerical evaluation of PFG signal attenuation, the parameters used are 7.0 , 
2 , fD = 1.0 × 10
-9 m2/s0.7 ,  = 50 ms and g  equaling 0.1 mT / , neglecting the relaxation effect in the calculation,   
(b) in calculation of the Mittag-Leffler function   tE 1, , the direct integration method agrees with the method in Ref. [45. 
and the Pade approximation method in Ref. [46..  
 
 
The modified-Bloch equation proposed in this paper is different from those reported Refs. [14. and [16..  The manner 
of combining the diffusion and precession is different from those used in those previously reported modified-Bloch equations 
[14,16..  In this paper, the different processes such as diffusion and precession are combined with the same time increment 
dt .  The original properties of the contributions from linear or nonlinear processes remain unchanged at the instant of the 
combination, which is crucial in building modified-Bloch equations.  The proposed modified-Bloch equation provides a 
fundamental equation for PFG anomalous diffusion in NMR and MRI research.   
This paper focuses on the simple free anomalous diffusion in a homogeneous system. The anomalous diffusion can be 
non-symmetric diffusion, which can be described by the time-space fractional diffusion equation proposed in Ref. [21,22.. 
To investigate the non-symmetric diffusion, the space operator 
𝜕𝛽
𝜕|𝑧|𝛽
  need to be changed to a non-symmetric fractional 
space derivative such as Riesz-Feller space fractional derivative  𝑧𝐷𝜃
𝛽
 ,  where the skewness θ affects the non-symmetric 
probability distribution function [21.. When θ = 0,  𝑧𝐷𝜃
𝛽
 reduces to 
𝜕𝛽
𝜕|𝑧|𝛽
 .  However, this paper only focuses on the 
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symmetric diffusion case because it is the most important starting point in PFG anomalous diffusion.  Additionally, the real 
situation can be more complicated due to restricted diffusion [20,29,30., inhomogeneous distribution, nonlinear gradient 
field [26., anisotropic diffusion [39., etc.    Additional insights for those complicated PFG anomalous diffusion studies 
could be gained from other methods such as the instantaneous signal attenuation method, non-Gaussian approximation 
method, the effective phase shift diffusion equation method, observing the signal intensity at the origin method [47., SGP 
method [18,26., etc. It is worth mentioning that Refs. [48,49 . could provide further insight into PFG diffusion based on 
Feynman-Kac theory.  
 
 
5. Conclusion 
This paper proposes a general routine to build the modified-Bloch equation for PFG anomalous diffusion.  A fractional 
integral modified-Bloch equation was built, and its general solution was obtained. The major conclusions are summarized 
in the following: 
1. The modified-Bloch equation is a combination of different processes such as diffusion, precession, and 
relaxation.  These processes should keep their linear or nonlinear properties unchanged at the instant of the 
combination, which is critical criteria for building a modified-Bloch equation. 
2. The general PFG signal attenuation expression is obtained. The expression includes the finite gradient pulse 
width effect, which is important for potential PFG anomalous diffusion applications such as these in the MRI.  
3. The numerical evaluation can be done by the Adomian decomposition method or the direct integration method. 
These two methods give the identical results, but the direct integration method is much faster and does not 
cause overflow. Direct integration provides a convenient way to evaluate the Mittag-Leffler function type 
PFG signal attenuation.  
4. The CTRW simulations agree with the theoretical results. The CTRW simulation provides a valuable method 
to analyze the PFG anomalous diffusion.  
5. The spin-spin relaxation effect in PFG anomalous diffusion may deviate from )exp( 2Tt .  
 
Appendix A: Definition of the fractional derivative 
The definition of the space fractional derivative [1,21-23. is given by 
 βzβz DD  
2
cos2
1


zd
d
 ,                          (A.1) 
where  
   

z
mm
m
mm,,
)yz(
dy)y(f
dz
d
)m(
)z(f 
 
10
1
1
β
zD ,         (A.2) 
and  







z mm
mm
mm
zy
dyyf
dz
d
m
zf 
 
1,0,
)(
)(
)(
)1(
)(
1
β
z D .                 (A.3) 
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Appendix B:  Derive PFG signal attenuation equation from modified-Bloch Equation 
In section 2.1, the PFG signal attenuation equation was obtained from the fractional modified-Bloch equation (11) by 
substituting   zKz  )(exp)(),(  iSM xy  into Eq. (11) and using the origin properties: z = 0 and   1)(exp  zK ti . 
There are other ways to derive the PFG signal attenuation equation (12) from the fractional modified-Bloch equation (11).   
The modified-Bloch equation Eq. (11) is built based on the simultaneous equations (3) and (9). According to Eq. (3), 
the gradient field induced precession changes the magnetization phase by  dtti zg  )(exp   during small time interval dt 
𝑀𝑥𝑦,𝜏(𝐳, 𝑡) − 𝑖𝛾𝐠(𝜏) ∙ 𝐳𝑀𝑥𝑦,𝜏(𝐳, 𝑡)𝑑𝜏 = exp[−𝑖𝛾𝐠(𝜏) ∙ 𝐳𝑑𝜏]𝑀𝑥𝑦,𝜏(𝐳, 𝑡)  .        (B.1) 
Let us calculate 𝑀𝑥𝑦,𝜏(𝐳, 𝑡) based on Eq. (11) step by step starting from 𝑑𝜏 to time t with interval 𝑑𝜏.  For time 1𝑑𝜏,   
𝑀𝑥𝑦,𝑑𝜏(𝐳, 𝑡) = exp[−𝑖𝛾𝐠(𝑑𝜏) ∙ 𝐳𝑑𝜏] {∑ 𝑀𝑥𝑦
(𝑘)(𝐳, 0+)
𝑡𝑘
𝑘!
+𝑚−1𝑘=0 [
(𝑡−0)𝛼−1
Γ(𝛼)
𝐷𝑓
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, 0)] 𝑑𝜏} .    (B.2) 
Note in the above discrete calculation,  𝑀𝑥𝑦,𝑑𝜏(𝐳, 𝑡) is obtained based on  𝑀𝑥𝑦,𝑑𝜏−𝑑𝜏(𝐳, 𝑡) and  𝑀𝑥𝑦(𝐳, 𝑑𝜏 − 𝑑𝜏)  =
𝑀𝑥𝑦(𝐳, 0) .  In general,  𝑀𝑥𝑦,𝑖𝑑𝜏(𝐳, 𝑡) of the  i
th step can be calculated based on 𝑀𝑥𝑦(𝐳, (𝑖 − 1)𝑑𝜏) of the (i-1)
th step.  For 
time 2𝑑𝜏, 
    𝑀𝑥𝑦,2𝑑𝜏(𝐳, 𝑡) = exp[−𝑖𝛾𝐠(2𝑑𝜏) ∙ 𝐳𝑑𝜏] {𝑀𝑥𝑦,1𝑑𝜏(𝐳, 𝑡) + [
(𝑡−𝑑𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, 𝑑𝜏)] 𝑑𝜏},   
Substituted expression (B.2), 𝑀𝑥𝑦,𝑑𝜏(𝐳, 𝑡) into 𝑀𝑥𝑦,2𝑑𝜏(𝐳, 𝑡), we get  
𝑀𝑥𝑦,2𝑑𝜏(𝐳, 𝑡) = exp[−𝑖𝛾𝐠(2𝑑𝜏) ∙ 𝐳𝑑𝜏] (exp[−𝑖𝛾𝐠(𝑑𝜏) ∙ 𝐳𝑑𝜏] {∑ 𝑀𝑥𝑦
(𝑘)(𝐳, 0+)
𝑡𝑘
𝑘!
+                                             
𝑚−1
𝑘=0
[
(𝑡 − 0)𝛼−1
Γ(𝛼)
𝐷𝑓
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, 0)] 𝑑𝜏} + [
(𝑡 − 𝑑𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, 𝑑𝜏)] 𝑑𝜏)
= exp[−𝑖𝛾𝐠(2𝑑𝜏) ∙ 𝐳𝑑𝜏] exp[−𝑖𝛾𝐠(𝑑𝜏) ∙ 𝐳𝑑𝜏] ∑ 𝑀𝑥𝑦
(𝑘)(𝐳, 0+)
𝑡𝑘
𝑘!
+
𝑚−1
𝑘=0
                           
       exp[−𝑖𝛾𝐠(2𝑑𝜏) ∙ 𝐳𝑑𝜏] exp[−𝑖𝛾𝐠(𝑑𝜏) ∙ 𝐳𝑑𝜏] {[
(𝑡 − 0)𝛼−1
Γ(𝛼)
𝐷𝑓
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, 0)] 𝑑𝜏} +
exp[−𝑖𝛾𝐠(2𝑑𝜏) ∙ 𝐳𝑑𝜏] [
(𝑡 − 𝑑𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, 𝑑𝜏)] 𝑑𝜏.                                   
 
(B.3) 
Similarly, 
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𝑀𝑥𝑦,3𝑑𝜏(𝐳, 𝑡) = exp[−𝑖𝛾𝐠(3𝑑𝜏) ∙ 𝐳𝑑𝜏] {𝑀𝑥𝑦,2𝑑𝜏(𝐳, 𝑡) + [
(𝑡 − 2𝑑𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, 2𝑑𝜏)] 𝑑𝜏}              
= exp[− ∑ 𝑖𝛾𝐠(𝑙𝑑𝜏) ∙ 𝐳𝑑𝜏
3
𝑙=1
] ∑ 𝑀𝑥𝑦
(𝑘)(𝐳, 0+)
𝑡𝑘
𝑘!
+
𝑚−1
𝑘=0
                                                
exp[− ∑ 𝑖𝛾𝐠(𝑙𝑑𝜏) ∙ 𝐳𝑑𝜏
3
𝑙=1
] {[
(𝑡 − 0)𝛼−1
Γ(𝛼)
𝐷𝑓
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, 0)] 𝑑𝜏}
+ exp[− ∑ 𝑖𝛾𝐠(𝑙𝑑𝜏) ∙ 𝐳𝑑𝜏
3
𝑙=2
] [
(𝑡 − 𝑑𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, 𝑑𝜏)] 𝑑𝜏
+ exp[−𝑖𝛾𝐠(3𝑑𝜏) ∙ 𝐳𝑑𝜏] [
(𝑡 − 2𝑑𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, 2𝑑𝜏)] 𝑑𝜏,
 
 
(B.4) 
and 
. 
𝑀𝑥𝑦,𝑛𝑑𝜏(𝐳, 𝑡) = exp[− ∑ 𝑖𝛾𝐠(𝑙𝑑𝜏) ∙ 𝐳𝑑𝜏
𝑛
𝑙=1 ] ∑ 𝑀𝑥𝑦
(𝑘)(𝐳, 0+)
𝑡𝑘
𝑘!
𝑚−1
𝑘=0                                                             
                         + ∑ (exp[− ∑ 𝑖𝛾𝐠(𝑙𝑑𝜏) ∙ 𝐳𝑑𝜏𝑛𝑙=𝑖 ] [
[𝑡−(𝑖−1)𝑑𝜏]
𝛼−1
Γ(𝛼)
𝐷𝑓
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, (𝑖 − 1)𝑑𝜏)] 𝑑𝜏) ,
𝑛
𝑖=1
 
 
(B.5) 
which can be rewritten in an integragtion form as 
  𝑀𝑥𝑦,𝑛𝑑𝜏(𝐳, 𝑡) = ∑ 𝑀𝑥𝑦
(𝑘)(𝐳, 0+)
𝑡𝑘
𝑘!
exp (− ∫ 𝑖𝛾𝐠(𝜏) ∙ 𝐳𝑑𝜏
𝑛𝑑𝜏
0
)𝑚−1𝑘=0 + 
                                         ∫ [exp (− ∫ 𝑖𝛾𝐠 (𝜏′) ∙ 𝐳𝑑𝜏′
𝑛𝑑𝜏
𝜏
)
(𝑡−𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, 𝜏)] 𝑑
𝑛𝑑𝜏
0
𝜏,       (B.6) 
 
where (𝑖 − 1)𝑑𝜏 is replaced with 𝑖𝑑𝜏,  and  
𝜕𝛽
𝜕|𝑧|𝛽
 𝑀𝑥𝑦(𝐳, (𝑖 − 1)𝑑𝜏) is replaced by 
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, 𝑖𝑑𝜏). These replacements 
are reasonable because their differences are negligible with 𝑑𝜏 can be arbitrarily set as an infinitely small interval. When 
𝑛𝑑𝜏 = 𝑡, 
  𝑀𝑥𝑦(𝐳, 𝑡) = ∑ 𝑀𝑥𝑦
(𝑘)(𝐳, 0+)
𝑡𝑘
𝑘!
exp (− ∫ 𝑖𝛾𝐠 (𝜏′) ∙ 𝐳𝑑𝜏′
𝑡
0
)𝑚−1𝑘=0 + 
∫ [exp (− ∫ 𝑖𝛾𝐠 (𝜏′) ∙ 𝐳𝑑𝜏′
𝑡
𝜏
)
(𝑡 − 𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, 𝜏)] 𝑑
𝑡
0
𝜏. 
    
(B.7) 
Substituting  zKz  )(exp)(),(  iSM xy  into Eq. (B.7), we have  
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  𝑆(𝑡)exp(−𝑖𝐊(𝑡) ∙ 𝐳) = ∑ 𝑀𝑥𝑦
(𝑘)(𝐳, 0+)
𝑡𝑘
𝑘!
𝑚−1
𝑘=0 exp(−𝑖𝐊(𝑡) ∙ 𝐳) + 
∫ [exp (− ∫ 𝑖𝛾𝐠 (𝜏′) ∙ 𝐳𝑑𝜏′
𝑡
𝜏
)
(𝑡 − 𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓|𝐾(𝜏)|
𝛽𝑆(𝑡)exp(−𝑖𝐊(𝜏) ∙ 𝐳)] 𝑑
𝑡
0
𝜏. 
(B.8) 
After eliminating the term exp(−𝑖𝐊(𝑡) ∙ 𝐳) from both sides of Eq. (B.8), we get 
.         (B.9) 
Eq. (B.9) is the same as Eq. (12) 
Additionally, Eq. (B.7) can be linearly transformed to 
  exp(𝑖𝜙)𝑀𝑥𝑦(𝐳, 𝑡) = ∑ 𝑀𝑥𝑦
(𝑘)(𝐳, 0+)
𝑡𝑘
𝑘!
exp(𝑖𝜙)exp (− ∫ 𝑖𝛾𝐠 (𝜏′) ∙ 𝐳𝑑𝜏′
𝑡
0
)𝑚−1𝑘=0 + 
∫ [exp(𝑖𝜙)exp (− ∫ 𝑖𝛾𝐠 (𝜏′) ∙ 𝐳𝑑𝜏′
𝑡
𝜏
)
(𝑡 − 𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓
𝜕𝛽
𝜕|𝑧|𝛽
exp(−𝑖𝜙)exp(𝑖𝜙)𝑀𝑥𝑦(𝐳, 𝜏)] 𝑑
𝑡
0
𝜏, 
      (B.10) 
where 𝜙 is the rotation angle.  When    zK  )(expexp tii , we get 
   
















t
xyf
km
k
k
xyxy dM
z
D
t
i
k
t
MtMti
0
11
0
)(
),(
)(
)(
)(exp
!
)0,(),()(exp 





zzKzzzK ,               (B.11) 
which is equivalent to  
                  𝑡𝐷∗
𝛼[exp(𝑖𝐊(𝑡) ∙ 𝐳) 𝑀𝑥𝑦(𝐳, 𝑡)] = exp(𝑖𝐊(𝑡) ∙ 𝐳)𝐷𝑓
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, 𝑡).              (B.12) 
For a single pulse attenuation as mentioned in Section 4, zg  ttK )( . Eq. (B.12) agrees the results from modified-
Bloch equation proposed in Ref. [16..  Substituting  zKz  )(exp)(),(  iSM xy  into Eq. (B.12), we get Eq. (12) again.  
However, in an inhomogeneous system or restricted diffusion systems, the real magnetization phase does not linearly 
depend on the position z, which thus cannot be canceled by the linear transformation by multiplying with  zK )(exp ti . In 
these complicated systems, the magnetization can be calculated from Eq. (11) step by step.   
 
Appendix C:  Obtain the magnetization directly from the modified-Bloch equation 
From Eq. (11), we can calculate 𝑀𝑥𝑦(𝐳, 𝑑𝜏), 𝑀𝑥𝑦(𝐳, 2𝑑𝜏), 𝑀𝑥𝑦(𝐳, 3𝑑𝜏),… 𝑀𝑥𝑦(𝐳, 𝑡) step by step starting from time 
𝑑𝜏 to time t = 𝑛𝑑𝜏 with equal time increment 𝑑𝜏 .   For a homogeneous spin system,   𝑀𝑥𝑦(𝐳, 0) = ∑ 𝑀𝑥𝑦
(𝑘)(𝐳, 0+)
𝑡𝑘
𝑘!
=𝑚−1𝑘=0
1 , and  
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, 0) = 0,  we thus have 

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𝑀𝑥𝑦(𝐳, 𝑑𝜏) = 𝑀𝑥𝑦,𝑑𝜏
(𝐳, 𝑑𝜏)                                                                                                                                 
= exp[−𝑖𝛾𝐠(𝑑𝜏) ∙ 𝐳𝑑𝜏] {∑ 𝑀𝑥𝑦
(𝑘)(𝐳, 0+)
𝑡𝑘
𝑘!
+
𝑚−1
𝑘=0
[
(𝑡 − 0)𝛼−1
Γ(𝛼)
𝐷𝑓
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, 0)] 𝑑𝜏}
= exp[−𝑖𝛾𝐠(𝑑𝜏) ∙ 𝐳𝑑𝜏]𝑆(𝑑𝜏),                                                                                                    
 
  (C.1) 
where  𝑆(𝑑𝜏) = ∑ 𝑀𝑥𝑦
(𝑘)(𝐳, 0+)
𝑡𝑘
𝑘!
𝑚−1
𝑘=0 = 1 .  The calculation of 𝑀𝑥𝑦(𝐳, 2𝑑𝜏)  needs two discrete steps, one for  
𝑀𝑥𝑦,𝑑𝜏(𝐳, 2𝑑𝜏) and the other for  𝑀𝑥𝑦(𝐳, 2𝑑𝜏).  𝑀𝑥𝑦,𝑑𝜏(𝐳, 2𝑑𝜏) can be calculated as 
𝑀𝑥𝑦,𝑑𝜏(𝐳, 2𝑑𝜏) = exp[−𝑖𝛾𝐠(𝑑𝜏) ∙ 𝐳𝑑𝜏] {∑ 𝑀𝑥𝑦
(𝑘)(𝐳, 0+)
𝑡𝑘
𝑘!
+
𝑚−1
𝑘=0
[
(2𝑑𝜏 − 0)𝛼−1
Γ(𝛼)
𝐷𝑓
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, 0)] 𝑑𝜏} 
                                        = exp[−𝑖𝛾𝐠(𝑑𝜏) ∙ 𝐳𝑑𝜏], 
 
𝑀𝑥𝑦(𝐳, 2𝑑𝜏) = exp[−𝑖𝛾𝐠(2𝑑𝜏) ∙ 𝐳𝑑𝜏] {𝑀𝑥𝑦,𝑑𝜏(𝐳, 2𝑑𝜏) + [
(2𝑑𝜏 − 𝑑𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, 𝑑𝜏)] 𝑑𝜏}
= exp[−𝑖𝛾𝐠(2𝑑𝜏) ∙ 𝐳𝑑𝜏] exp[−𝑖𝛾𝐠(𝑑𝜏) ∙ 𝐳𝑑𝜏] − 
                                      exp[−𝑖𝛾𝐠(2𝑑𝜏) ∙ 𝐳𝑑𝜏] exp[−𝑖𝛾𝐠(𝑑𝜏) ∙ 𝐳𝑑𝜏] {[
(2𝑑𝜏−𝑑𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓|𝛾𝐠(𝑑𝜏)𝑑𝜏|
𝛽𝑆(𝑑𝜏)] 𝑑𝜏} 
                                  =exp[−𝑖𝛾𝐠(2𝑑𝜏) ∙ 𝐳𝑑𝜏] exp[−𝑖𝛾𝐠(𝑑𝜏) ∙ 𝐳𝑑𝜏] {1 − [
(2𝑑𝜏−𝑑𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓|𝛾𝐠(𝑑𝜏)𝑑𝜏|
𝛽𝑆(𝑑𝜏)] 𝑑𝜏} 
                                  =exp[−𝑖𝛾𝐠(2𝑑𝜏) ∙ 𝐳𝑑𝜏] exp[−𝑖𝛾𝐠(𝑑𝜏) ∙ 𝐳𝑑𝜏]𝑆(2𝑑𝜏),         
                      (C.2) 
where   
 𝑆(2𝑑𝜏) =  1 − [
(2𝑑𝜏−𝑑𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓|𝛾𝐠(𝑑𝜏)𝑑𝜏|
𝛽𝑆(𝑑𝜏)] 𝑑𝜏.           (C.3) 
Similarly, we can get  
          
𝑀𝑥𝑦,𝑑𝜏(𝐳, 3𝑑𝜏) = exp[−𝑖𝛾𝐠(𝑑𝜏) ∙ 𝐳𝑑𝜏] {1 + [
(3𝑑𝜏−𝑑𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, 0)] 𝑑𝜏}
= exp[−𝑖𝛾𝐠(𝑑𝜏) ∙ 𝐳𝑑𝜏],                                                         
 
𝑀𝑥𝑦,2𝑑𝜏(𝐳, 3𝑑𝜏) = exp[−𝑖𝛾𝐠(2𝑑𝜏) ∙ 𝐳𝑑𝜏] {𝑀𝑥𝑦,𝑑𝜏(𝐳, 3𝑑𝜏) + [
(3𝑑𝜏−𝑑𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, 𝑑𝜏)] 𝑑𝜏}               
              = exp[−𝑖𝛾𝐠(2𝑑𝜏) ∙ 𝐳𝑑𝜏] exp[−𝑖𝛾𝐠(𝑑𝜏) ∙ 𝐳𝑑𝜏] {1 − [
(3𝑑𝜏−𝑑𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓|𝛾𝐠(𝑑𝜏)𝑑𝜏|
𝛽𝑆(𝑑𝜏)] 𝑑𝜏} ,
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𝑀𝑥𝑦(𝐳, 3𝑑𝜏) = 𝑀𝑥𝑦,3𝑑𝜏(𝐳, 3𝑑𝜏)                                                                                                                                    
 = exp[−𝑖𝛾𝐠(3𝑑𝜏) ∙ 𝐳𝑑𝜏] {𝑀𝑥𝑦,2𝑑𝜏(𝐳, 3𝑑𝜏) + [
(3𝑑𝜏 − 2𝑑𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, 2𝑑𝜏)] 𝑑𝜏}
= exp[− ∑ 𝑖𝛾𝐠(𝑙𝑑𝜏) ∙ 𝐳𝑑𝜏
3
𝑙=1
] {1 − [
(3𝑑𝜏 − 𝑑𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓|𝛾𝐠(𝑑𝜏)𝑑𝜏|
𝛽𝑆(𝑑𝜏)] 𝑑𝜏}                     
   − exp[− ∑ 𝑖𝛾𝐠(𝑙𝑑𝜏) ∙ 𝐳𝑑𝜏
3
𝑙=1
]
(3𝑑𝜏 − 2𝑑𝜏)𝛼−1
Γ(𝛼)
𝐷
𝑓
|𝛾𝐠(𝑑𝜏)𝑑𝜏 + 𝛾𝐠(2𝑑𝜏)𝑑𝜏|𝛽𝑆(2𝑑𝜏)𝑑𝜏
= exp[− ∑ 𝑖𝛾𝐠(𝑙𝑑𝜏) ∙ 𝐳𝑑𝜏
3
𝑙=1
] {1 − [
(3𝑑𝜏 − 𝑑𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓|𝛾𝐠(𝑑𝜏)𝑑𝜏|
𝛽𝑆(𝑑𝜏)] 𝑑𝜏 −                  
[
(3𝑑𝜏 − 2𝑑𝜏)𝛼−1
Γ(𝛼)
𝐷
𝑓
|𝛾𝐠(𝑑𝜏)𝑑𝜏 + 𝛾𝐠(2𝑑𝜏)𝑑𝜏|𝛽𝑆(2𝑑𝜏)] 𝑑𝜏}                                     
= exp[− ∑ 𝑖𝛾𝐠(𝑙𝑑𝜏) ∙ 𝐳𝑑𝜏
3
𝑙=1
]𝑆(3𝑑𝜏),                                                                                                   
  
           (C.4) 
 
where 
    
                                   
𝑆(3𝑑𝜏) = 1 − [
(3𝑑𝜏 − 𝑑𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓|𝛾𝐠(𝑑𝜏)𝑑𝜏|
𝛽𝑆(𝑑𝜏)] 𝑑𝜏 −                                       
[
(3𝑑𝜏 − 2𝑑𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓|𝛾𝐠(𝑑𝜏)𝑑𝜏 + 𝛾𝐠(2𝑑𝜏)𝑑𝜏|
𝛽𝑆(2𝑑𝜏)] 𝑑𝜏;
 
     
          (C.5) 
 at 𝑡 = 𝑛𝑑𝜏, 
𝑀𝑥𝑦(𝐳, 𝑡) = 𝑀𝑥𝑦,3𝑑𝜏(𝐳, 𝑛𝑑𝜏)                                                                                                                                                              
 = exp[−𝑖𝛾𝐠(𝑛𝑑𝜏) ∙ 𝐳𝑑𝜏] {𝑀𝑥𝑦,(𝑛−1)𝑑𝜏(𝐳, 𝑛𝑑𝜏) + [
(𝑛𝑑𝜏 − (𝑛 − 1)𝑑𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓
𝜕𝛽
𝜕|𝑧|𝛽
𝑀𝑥𝑦(𝐳, (𝑛 − 1)𝑑𝜏)] 𝑑𝜏}
 
= exp[− ∑ 𝑖𝛾𝐠(𝑙𝑑𝜏) ∙ 𝐳𝑑𝜏
𝑛
𝑙=1
] {1 − [
(𝑛𝑑𝜏 − 𝑑𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓|𝛾𝐠(𝑑𝜏)𝑑𝜏|
𝛽𝑆(𝑑𝜏)] 𝑑𝜏 −                                                 
 
                   [
(𝑛𝑑𝜏 − 2𝑑𝜏)𝛼−1
Γ(𝛼)
𝐷
𝑓
|𝛾𝐠(𝑑𝜏)𝑑𝜏 + 𝛾𝐠(2𝑑𝜏)𝑑𝜏|𝛽𝑆(2𝑑𝜏)] 𝑑𝜏 … −
                [
(𝑛𝑑𝜏 − (𝑛 − 1)𝑑𝜏)𝛼−1
Γ(𝛼)
𝐷
𝑓
|∑ 𝛾𝐠(𝑗𝑑𝜏)𝑑𝜏
𝑛−1
𝑗=1
|
𝛽
𝑆((𝑛 − 1)𝑑𝜏)] 𝑑𝜏}
                                    
    
= exp {− [∫ 𝑖𝛾𝐠(𝜏)𝑑𝜏
𝑡
0
] ∙ 𝐳} {1 − ∫
(𝑡 − 𝜏)𝛼−1
Γ(𝛼)
𝐷
𝑓
|∫ 𝑖𝛾𝐠(𝜏′)𝑑𝜏′
𝜏
0
|
𝛽𝑡
0
𝑆(𝜏)𝑑𝜏}   
= exp[−𝐊(𝑡) ∙ 𝐳] {1 − ∫
(𝑡 − 𝜏)𝛼−1
Γ(𝛼)
𝐷
𝑓
|𝐊(𝜏)|𝛽
𝑡
0
𝑆(𝜏)𝑑𝜏}                                    
= exp[−𝐊(𝑡) ∙ 𝐳]𝑆(𝑡),                                                                                                    
   
                                           (C. 6)
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where 𝐊(𝑡) =  ∫ 𝑖𝛾𝐠(𝜏)𝑑𝜏
𝑡
0
 and 
     𝑆(𝑡) = {1 − ∫
(𝑡−𝜏)𝛼−1
Γ(𝛼)
𝐷𝑓|𝐊(𝜏)|
𝛽𝑡
0
𝑆(𝜏)𝑑𝜏}.            (C.7) 
Eq. (C.6) gives the magnetization of homogenous spin system, which includes the phase exp[−𝐊(𝑡) ∙ 𝐳], and the signal 
amplitude 𝑆(𝑡)  described by Eq. (C.7).  Eq. (C.7) is the same as Eq. (12).   Only the initial condition 
∑ 𝑀𝑥𝑦
(𝑘)(𝐳, 0+)
𝑡𝑘
𝑘!
= 1𝑚−1𝑘=0  is used in the derivation (calculation). It is plausible that the whole magnetization expression 
including phase and amplitude can be directly obtained from the modified-Bloch equation Eq. (11). To the best of my 
knowledge, no other reported methods based on the fractional derivative have been able to achieve this.  The above method 
could be used to obtain magnetization in complex diffusion system such as restricted diffusion in the future.  
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